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1 Introduction 


Conformal field theories (CFT) are of great interest in physics research since conformal 
symmetry appears to be an underlying fundamental property of nature. In a second- 
order phase transition, the divergence of correlation length implies that a theory is 
scale invariant at the critical point. In fact, the theory at the critical point almost 
always possesses a larger symmetry than scale invariance - the conformal symmetry. 
In perturbative string theory, conformal invariance of the worldsheet action is crucial 
for consistency of the theory. The AdS/CFT correspondence provides new insights 
into the non-perturbative domain of quantum field theories, such as QCD, thus also 
promotes the significance of CFT [T]. 

CFTs have been studied extensively in d = 2 spacetime dimensions due to the pow¬ 
erful conformal group algebra specific to d = 2. However, the operation of conformal 
transformations in d ^ 3 has not been fully understood. For instance, the relation of 
scale invariance and conformal invariance is unclear in general dimensions. In d = 2, 
Zamolodchikov and Polchinski showed that scale invariance guarantees conformal in¬ 
variance in a unitary theory [a [3]. For d ^ 3, unitary theories which exhibit scale 
invariance usually are conformally invariant; however, a general proof that scale im¬ 
plies conformal invariance has not been discovered. In fact, a few counterexamples are 
known BUM- 

One simple counterexample of a unitary scale invariant theory which is not confor¬ 
mally invariant in general dimensions is the free Maxwell theory, where 

£(i) = (1) 

This theory is known to break conformal invariance in d 7 ^ 4 due to the non-vanishing 
trace of the stress-energy tensor. Interestingly, El-Showk et.al argued that the confor¬ 
mal invariance of the Maxwell theory in d 7 ^ 4 can be restored in a specific ^-gauge 
with ^ = d/(d —4) using the Faddeev-Popov procedure [ 6 ]. Nevertheless there is a dif¬ 
ficulty in this construction: the special conformal transformation (SCT) maps physical 
states to zero-norm states which are unphysical in the BRST Hilbert space. Thus, the 
conformal invariance in this theory cannot be understood as a property of the physical 
sector of the theory alone, i.e. the unitary gauge invariant Maxwell theory. 

On the other hand, El-Showk et.al showed that the two-point correlation function 
of the field strength is conformally invariant. Evidently the correlation function of 
the field strength is gauge invariant, so if it is SCT invariant under a certain ^-gauge, 
it should also be invariant in any gauge. It is thus intriguing to ask, if the original 
conformal invariance is not present in the physical Maxwell theory, why is the physical 
correlation function still invariant under such transformations? 

In this paper, we define a non-local gauge-invariant extended special conformal 
transformation (ESCT), in which the field strength transforms in a similar but gauge 
invariant way. It is compatible with the BRST formalism, and only maps between states 
within the physical Hilbert space, in contrast to the usual SCT [7]. In fact, we shall 
demonstrate that the operation of the ESCT reveals a symmetry of the free Maxwell 
theory in d ^ 3 by showing that the action, the classical equation of motion(EOM), 
and physical two-point correlation functions are all invariant under the ESCT. 

The paper is organized as follows: In Section 2, we briefly remind the readers how 
conformal transformations act both on coordinates and fields in d ^ 3. In Section 3, we 
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review why the classical Maxwell theory is not conformally invariant. We then move 
on to the quantum version, and by studying the BRST Hilbert space, we show that 
the SCT is not compatible with gauge invariance of the theory since it mixes physical 
states with the unphysical ghost degrees of freedom. In Section 4, we employ a method 
of decomposing the gauge field and explicitly compute how the SCT operator acts on 
physical and unphysical components. 

It is important to avoid mixing between physical and unphysical degrees of freedom 
present induced by the SCT, thus in Section 5, following the gauge held decomposition, 
we dehne an ESCT which commutes with the BRST generator and only acts within the 
physical sector. We then prove the ESCT invariance of both the classical and quantum 
Maxwell theory. Finally, we conclude in Section 6. 


2 Conformal Transformation 

An inhnitesimal coordinate transformation ^ x'^ = + e^(x) generated by the 

connected part of the conformal group preserves the metric up to a scale factor A(x): 
g'^y{x') = \{x)g^y{x), where = diag(l, —1, —1,...) is the hat spacetime metric. 

By requiring that a coordinate transformation be conformal, we must have [8] 

d^du T di/€^ = -^gfMud • e. (2) 

It can be shown that for d ^ 3, only terms up to x^ are allowed in e(x). There are 
four classes of solutions [9]: 


• Translation : e^(x) = a^, where is a constant. 

• Lorentz transformation : e^(x) = u^^x^^ 

• Scaling (dilatation) : e^{x) = crx^. 


Special conformal transformation (SCT) : the SCT can be understood as the 
series of operations (inversion —)• translation —>• inversion ) : 


— — —¥ —— - 

X2 (|^ - 


= x'^. 


Expanding the result to hrst order, we obtain the inhnitesimal SCT 

e^(x) = 2c • xx^ - c^x^, 

and 


dx'^ 

dx'' 


= (1 + 2c • x) + {2x^Ci, — 2xi,c^). 


(3) 


(4) 


(5) 


Thus, the SCT can be interpreted as a combination of a position-dependent scal¬ 
ing and a Lorentz rotation. 

For convenience, for the SCT, we dehne 


= 2x^x>^ - g^>^x\ 

dCo- 


( 6 ) 
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In d ^ 3, translation, rotation, dilatation, and the SCT together form the SO{d, 2) 
conformal group. In addition, one can express an infinitesimal conformal transforma¬ 
tion as: 

^ = (7) 

where 



'o 

translation and rotation 


(t{x) = < 

a 

dilatation 

(8) 


2c ■ X 

\ 

SCT 


'o 


translation and dilatation 




rotation 

(9) 


2x^c„-2x„c^ SCT 

With the appropriate (7{x) and uj^y{x) as defined in ([8|) and ([9]) for each transfor¬ 
mation, a conformal transformation acts on a field with spin-J as 



4>^{x) - a{x) A (p^ix) + ^u}f,iy{x){T.>^'')^B(j)^{x) 

(j)^{x' - e) - a{x - e) A - e) -F - e), 

( 10 ) 


where A is the specific scale dimension pertaining to the field, and is the 

spin-J matrix representation. 

Therefore, to first-order approximation, we can deduce the infinitesimal field trans¬ 
formation rule 

6cl)^{x) = (l)'^{x) - = -da4>^{x)e°‘{x) - a{x) A -h (x). 

( 11 ) 

In particular, for a spin-1 vector field V^{x), 

A= ^ and = g^^5‘'s - (12) 

Thus, under the SCT, we have 

S^^V^ix) = {x‘^d^ - 2x^x -d-id- 2)x^)V^{x) + 2x^V^{x) - 2g^^^x ■ V{x). (13) 
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3 Is Maxwell Theory Conformally Invariant? 

3.1 Classical Maxwell Theory 

In this section, we review the literature on the conformal symmetry of classical Maxwell 
theory. 

The free Maxwell theory, with the Lagrangian density 

C(x) = (14) 

is known to have scale invariance in any dimension. 

To see whether or not the classical theory is also conformally invariant, we will 
calculate how the Lagrangian transforms under the SCT. If the change of C{x) in ()14p 
can be written as a total derivative, then the action would be conformally invariant. 

Let us first consider the SCT on the field strength F^'^{x) = d^A'^{x) — d'^A^{x). 
Recall that in a scalar field theory, d^(j){x), the derivative of the primary scalar field, 
would not transform as a primary vector under the SCT. The SCT on d^4>{x) is defined 
such that the partial derivative acts only after the SCT acts on the primary field (p{x); 
hence 5^ [dfj_(j){x)) = [5^4>{x)). Analogously, since is a descendant of the primary 

vecotr field A^, it would not transform as a primary 2-form under the SCT. The SCT 
on F^^ is defined as 6^F^^'^{x) = A'^{x) — d'^5^A^^ {x), where again, derivatives acts 

after the SCT on A^{x). Thus, by using the infinitesimal transformation for A^{x), 

5<^A^^{x) = [x^d^ - 2x^x -d-id- 2)x^)A^{x) + 2x^A^{x) - 2g^>^x ■ A{x), (15) 

one deduces the SCT on F^^(.Tl[Tn] : 

6^F>^‘'{x) = d^^6^A^{x) - d’^d^A^^ix) 

= {x^d^ - 2x^x ■ d - dx^)Ff^'^{x) + 2x^^F^''{x) - 2x’'F^^^{x) 

+ 2g^^^XaF'^^{x) - + (d - F)[g^'^A^^{x) - g^^^A'^{x)\. (16) 

The last term shows explicitly that does not transform as a primary field in 
d 7 ^ 4. Moreover, the SCT of the physical observable strength F^'^ is gauge dependent 
for d / 4. 

In fact, the gauge non-invariance of (I16p cannot be compensated by modifying the 
usual SCT with an additional associated infinitesimal gauge transformation. To see 
this, let us assume the following modified transformation as a trial: 

= + (17) 

which is the combination of the SCT and an infinitesimal gauge transformation. It 
follows that 


= (18) 

We see that after the additional gauge transformation, F^^^ still remains the same as in 
(fTHIl . Thus, it is not possible to remove the gauge dependence in (fTHp by the modified 
transformation defined in ()17p . Therefore, classically, the usual SCT is not compatible 
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with gauge symmetry, and it is not a valid symmetry transformation for the gauge 
theory. 

In addition, one finds 

= -d^ [(2x^x^ - g^f^x^)£{x)] +{d- (19) 

The change of the Lagrangian can be expressed as a total derivative only in d = 4. 
Furthermore, it is gauge invariant only in d = 4. Therefore, for d 7 ^ 4, the classical 
Maxwell theory is not conformal invariant. 

As an aside, using (I16p . one can show the classical equation of motion (EOM) 
d^F^'^ = 0 is also not invariant under the SCT in d 7 ^ 4 : 

= {x^d^ - 2x^x • a - (d + 2)x^)^^F^^''{x) + 2x‘'(x) - 2g^''xad^Ff^'^{x) 

+ (d - 4 )[ 5^'^5 • A{x) - d^A^^ix)] 

= (d - A)[g‘^’'d ■ A{x) - d''A^{x)] 

7 ^ 0 . ( 20 ) 

This result is expected since the action of Maxwell theory is SCT invariant only in 
d = 4, and the non-invariance of the EOM is simply a reflection of the non-invariance 
of the classical theory. 

3.2 Recovering Conformal Symmetry of Maxwell Theory 
in the Faddeev-Popov Gauge with ^ = d/{d — A) 

Even though the gauge-invariant Maxwell theory does not have the SCT invariance in 
d 7 ^ 4, El-Showk et al. [ 6 ] argued that the gauge-fixed theory with 

( 21 ) 

is invariant under the SCT if ^ = d/{d — 4). In their paper, El-Showk et al. proved the 
invariance by showing the quantum two-point correlation function (A^(x)A^(O)) does 
not change under the SCT. 

As an alternative, we will check the SCT invariance of the gauge-fixed theory by 
explictly computing how the classical action and EOM transform under the SCT. 

The SCT of the gauge-fixed Lagrangian can be calculated by using (fl^ and (fT^ . 

5^C^x) = —d^[{2x^x^ — g^^x^)Cdx)\ + (d — 4)F^^{x)A^{x) — ^A^{x)d ■ A{x). 

( 22 ) 

The gauge-fixed action is invariant under the SCT only when ^ = d/(d —4). In this 
case, the last two terms can be combined, and the change of the Lagrangian becomes 
a total derivative 

= -d^[i2x^x>^ - g^>^x^)Cdx)] + (d-4)9'^(^). (23) 
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Furthermore, the terms in the classical EOM transform under the SCT as: 
s^[d^Ff^^x) + ^d‘'{d-Aix))] 

= {x^d^ - 2x^x ■ d - {d + 2)x‘^) + ^d'^{d • A(x))] + 2x''[d^F^^^[x)) + {d • ^(x))] 

- 2g^^Xa[d^F^^‘^{x) + • A{x))] + {d - A - • A{x) - 5M'"(x)]. 

(24) 

All terms except the last term are proportional to the terms in the original EOM 
+ jd'^d ■ A). Therefore, only when ^ = d/{d — A) does the last term vanish, and 
the EOM is SCT invariant. 

The classical gauge-fixed theory with ^ = d/{d — A) is SCT invariant in any d ^ 3. 

This is true in contradiction to the fact that the gauge-invariant Maxwell theory is 
generally not SCT invariant except in d = 4. If d = 4, then oo, the gauge 

fixing term vanishes, and the gauge invariant theory by itself is SCT invariant, which 
is consistent with the conclusions of the previous section. 

In classical field theory, the gauge-invariant Maxwell theory and the gauge-fixed 
theory are two distinct theories. In contrast, in quantum field theory, from the path 
integral point of view, the expectation values of gauge invariant operators should be 
independent of specific gauge choices. Does this distinction imply that the quantum 
Maxwell theory is SCT invariant since it is invariant in the particular gauge of ^ = 
d/(d-4)? 

A critical fact noticed by El-Showk et al. is that the quantum two-point function 
{A^^{x)A''{A)) of the gauge-hxed theory defined in (f^ with ^ = d/(d — 4) violates 
nnitarity. Thus, the gauge-fixed theory, contrary to the gauge-invariant Maxwell theory 
defined in (1141) . is not a nnitary theory. However, the two-point function is not gauge 
invariant nor a physical observable. Thus, it is an intriguing question whether there 
exists a different gauge-invariant two-point function defined by the gauge-invariant 
Maxwell theory in (|14ll which is SCT invariant and also satisfies nnitarity. 

Motivated by the above questions, we shall study in more detail in the next section 
how the SCT operator acts on the physical/gauge invariant sector of the quantum 
Maxwell theory. 


3.3 Abelian Quantum Gauge Theory and the BRST For¬ 
malism 

In quantum field theory, the compatibility of a symmetry transformation O with gauge 
symmetry is not as strict as its classical connterpart - one need not require O to be 
compatible with gauge symmetry in the entire Hilbert space. As long as the two 
transformations commute within the physical sector, O is a symmetry of the quantum 
theory. 

One common tool for studying the Hilbert space of a quantum gauge theory is the 
BRST formalism. In the Eaddeev-Popov procednre, there is an extra gauge fixing term 
plus a term involoving ghost c and anti-ghost c degrees of freedom(d.o.f) in addition 
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to the gauge-invariant Lagrangian : 


C-Tv{x) = {x)F^y{x) - ^{d^A^^{x)f + d^c{x)d^^c{x). (25) 

The gauge-fixed Lagrangian, in spite of losing full gauge invariance, is still invariant 
under a residual symmetry transformation - the BRST transformation. 

The BRST generator Qb is nilpotent {Q\ = 0), and the BRST transformation can 
be interpreted as a global gauge transformation within Lorenz gauge {d^A^ = 0) ; 


[Qb,H^(x)] = id^c{x) 

(26) 

, ,, dnA^ix) 

{Qb,c{x)] = 1 ^ ^ 

(27) 

{Qb,c(x)} = 0. 

(28) 


Therefore, we can classify the Hilbert space into three sectors: 

T-Li : IV'i) satisfies Qb |'0i) 0 

F.2 ■ IV' 2 ) = Qb Hi) and Qb H2) = 0 (image) 

T-Lq : Qb Ho) = 0, for which Ho) / Qb Hi) (cohomology) 

(29) 

Since the physical states are gauge invariant, they must satisfy Qb \phys) = 0. Further¬ 
more, the states in T-L2 cannot be physical states since they have zero norm. Therefore, 
in a theory with BRST symmetry, the only possible physical Hilbert space is "Ho, the 
cohomology of the BRST charge. 

The mode expansion for the photon on-shell configuration reads: 

= E / E^ K(k)c.I(k)e«'-' + 6r(k)a,(k)e-«-^^. (30) 

J [Itt) 

where a^(k) and aA(k) are the creation and annihilation operators for the field, 
and [aA(k), a^/(k')] = (27r)'^~^(5('^“^)(k — k')(5AA'- The symbol A denotes the photon 
polarizations in d dimension. For example, if = ti;(l,0,0,..., 1), then 

e(t(k) = ^(1,0,0,...,!) 

e'l(k) = ^(1,0,0,...,-!) 

el^(k) = (0,...,0,f,0,...,0), i = l,2,...,d-2, (31) 

where e+(k) and e(i(k) are the forward and backward polarization vectors respectively, 
and e(((,(k) denotes the d — 2 transverse polarizations. 

Similarly, the mode expansion of the ghost field is 

with the ghost held creation/annihilation operators c^^(k)/c(k), and {c(k), c^(k')} = 
(27r)'^“^<5('^-i)(k-k'). 








Applying the above mode expansions to and (1251) . one finds 

[Qb,OaW] = v^(^A+ c^(k) 

{gB,ct(k)} = 0. (33) 

In particular, for the d — 2 transverse modes, 

[gB,al^(k)] =0, f = l,2,..,d-2. (34) 

Indeed, the transverse modes Oj_,(k) in the physical Hilber space T-Lq are BRST invari¬ 
ant. 

Now, we are ready to investigate the SCT of the physical modes. A sensible trans¬ 
formation O compatible with gauge symmetry should only map one physical state to 
another physical state. Therefore, if a transformation maps a physical state outside of 
Tdo, then it is not a well-defined transformation. In other words, for Maxwell theory, a 
physical transformation O must satisfy: 

[[QB,O],a{ik)]=0. (35) 

That is, the BRST charge must commute with the transformation O in the physical 
Hilbert space. It can be readily checked that this condition is satisfied for the Poincare 
transformations and dilatation. 

Let us now examine whether or not the SCT is compatible with the BRST trans¬ 
formation on the physical modes by computing [[Qb, (k)], where 5^ is the SCT 

generator and its operation on the gauge held is dehned in (1151) . We hrst hnd for the 
full gauge held 

[[Qb, <5"], ^'‘(^)] = -[2x‘^^^^ + {d - 2)g‘^^^]c{x), (36) 

where we have used the SCT for the ghost S^c(x) = [x'^d^ — 2x^x ■ d — [d — 2)x^]c{x) 
since it is a scalar held with scale dimension A= [6]. 

As an example, we take Lorenz gauge and write the mode expansion in a convenient 
form : 

/ ddu 

I e;(k)4(k)e‘'=-"’ + el'‘(k)a,(k)e-“-“ ] S{k^) (37) 

( 27 r) 

c{x) ~ [ ct(k)e*^'^ + c(k)e-*^-^ ] 6{k^). (38) 

J {2tt) 

Combining with (I36|) . we obtain 

[[gij,<5'"],o^.(k)] ~ (d-4)e];.c^(k). (39) 

Therefore, even for the physical modes the SCT is not a symmetry in d 7 ^ 4 because 
the SCT maps the physical modes out of T-Lq to the unphysical Hilbert space. This 
implies the SCT is a valid transformation only in d = 4 for quantum Maxwell theory. 
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4 SCT for the Physical and Gauge Dependent 
Fields 


In the previous sections, we have seen that the SCT is gauge dependent for both clas¬ 
sical and quantum Maxwell theories when d 7 ^ 4. In this section, we shall employ a 
methocO] of decomposing the full gauge field into physical and gauge dependent com¬ 
ponents. This will allow us to compute explicitly how the physical and unphysical d.o.f 
transform under the SCT and understand how they mix under such a transformation. 


4.1 Gauge Field Decomposition 

The 1/(1) gauge field in both classical and quantum theories, can be decomposed 

into longitudinal and transverse components which explicitly preserve the Lorentz in¬ 
variance of the theory 


A^{x) 

= A>^{x)+Al{x) 

(40) 


= y^{d-A{x)) 

(41) 

Ai^{x) 

= 4^(a:)-i9^(5-4(x)). 

(42) 


where □ = /x = 0 , 1 ,..., d — 1 in d dimension. 

By definition, the transverse component is divergence free {d-Ax = 0), and therefore 
d ■ A = d ■ Ax- Furthermore, the fact that the longitudinal component does not 
contribute to the field strength {d^A'^—d'^A^ = 0 ) is an indication that Ax corresponds 
to the unphysical gauge d.o.f. 

Under a gauge transformation 

A^{x) —)• A'^{x) = A^{x) + d^a{x). (43) 

Since the transversality condition requires d ■ A'j, = 0, and in general Da 7 / 0, then the 
gauge transformation of the transverse and longitudinal components is 

A^{x) —)• A!,^{x) = A^{x) (44) 

A^{x) —)• A'j^{x) = A^{x) + d^a{x). (45) 

Clearly, A^ is gauge invarianlH, i.e. A^ fully accounts for the change of A^ under a 
gauge transformation. One can thus interpret A^ as the physical held, and A^ as the 
unphysical gauge d.o.f in the theory. 

^It is helpful to avoid using the mode expansion directly since it is gauge dependent and valid only on 
shell. 

^In fact, under a gauge transformation, the most general expression is A!^(x) A'rj^(x) = At^{x) — d^(3{x), 
and A^{x) —?► A'l^{x) = A^{x) + d^a[x) + d^l3{x), for any /3(a;) satisfying □/3(a;) = 0. The term involving 
/3(a:) corresponds to the residual gauge degree of freedom after fixing the primary gauge. The freedom of 
choosing /3(x) without affecting the primary gauge condition is often referred to as the residual Stueckelberg 
symmetry |12j . Once a residual gauge condition fi{x) is chosen, there is no ambiguity in the definition of 
A^. For our purposes, we will set /? = 0 throughout this paper. 
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In addition, the gauge field decomposition in (I^TI) and (112D is indeed consistent with 
the classihcation of the BRST Hilbert space since 

[Qb,H^(x)]=0 (46) 

[QB,A'^{x)]=id^^c{x), (47) 


where we have used (f26|) . 

Therefore, we can attribute A!^ to the physical Hilbert space Tio, and to the 
unphysical sector T-Li in the BRST formalism. 

4.2 SCT of A^^{x) and Ai^{x) 

In this section, we will dehne the SCT on and A^. We will show the SCT is not a 
physical transformation since the transformation of Ai^ also depends on A^, whereas 
in the case of Poincare transformations and dilatation there is no mixing between the 
physical and gauge-dependent components. 

By definition, the action of the SCT on A^x) and Ai^(x) is [13] 

,5'"H^(x) = (48) 

S^AAx) = <5^H^(x) - ^df^da[6^A^{x)]. (49) 

Notice that the decomposition into transverse and longitudinal components acts only 
after transforming the full gauge field under the SCT to ensure that the transversality 
condition is satisfied, and A^ = 0. However, this condition does not guarantee 
that the SCT of only depends on A^ itself. 

The task remains is to use the transformation of the primary held in (jl5l) to derive 
the transformation of the transverse and longitudinal components dehned above. A 
detailed calculation can be found in Appendix [Aj The results are 

5^AAx) = K^AAx) - d^d^^A^x) -{d- 4)^[5MJ(x) - ■ Al{x)] (50) 

6^AAx) = K^AAx) + dy^A'^ix) + {d- 4)l[5MJ(x) - ■ AUx)], (51) 

where denotes the action of the SCT on a vector held : 

A'°'A^^^^(x) = [x^d'^ — 2x^x-d — {d — 2)x^^ + 2x^ — 2g^^x- At(l){x), 

(52) 

and 

6^A^^{x) = K^A^ix) = K^AAx) + K^A^x). (53) 

Unlike the full gauge held A^ which transforms as a vector under the SCT, the 
SCT of A^ and A^ contain non-homogeneous parts in addition to the usual vector 
transformation. This is due to the fact that the SCT transformation does not commute 
with the decomposition of the full gauge held into and A^. Therefore they cannot 

^Eg. lHSl) only tells us Af is the kernel of the BRST charge and belongs to a superposition of Rq and 
Hilbert space. The residual d.o.f from 7^2 can be understood as the aforementioned residual Stueckelberg 
symmetry, where (d{x) controls how much of A^ is in 'H 2 - Once we fix /3 = 0, Alf can be identified as Ro¬ 
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be transformed as normal vectors under the SCT. Furthermore, d ■ transforms like 
a conformal scalar under the SCT: 


Ai^{x)) = — 2x^x ■ d — dx^)d ■ At{x). (54) 

This is in contrast io d ■ A, for which the SCT contains an extra term in addition to 
the transformation of a primary scalar held: 

d^{5^A^{x)) = {x^d^ — 2x^x ■ d — dx‘^)d ■ A{x) + dA‘^{x). (55) 

Ea. (|54p provides another check that the transversality condition is ensured after the 
SCT. 

5 The Extended Conformal Symmetry of Maxwell 
Theory 

5.1 The Extended Conformal Transformation 

Let us further investigate the action of the SCT applied to Al^(x) and A^{x). At hrst 
glance, the transformation of A^ in m looks problematic, since it contains a term 
proportional to d^A^. Nonetheless, this term does not affect the physical held strength 
because d^^d'^A^ — d’^d^A^ = 0. Thus, one can get rid of the Ai^ term in (1511) by a 
gauge transformation —)• + d^a, with a = —d^e ■ At- 

On the other hand, when one applies the SCT to A^, the A^ term in (I50p mixes 
the transverse and longitudinal components for d ^ A. Since A^ is gauge invariant, it 
is not possible to remove the A^ dependence by a gauge transformation. Indeed, the 
SCT maps the physical held in TLq to the non-physical TLi space, and this conhrms the 
result obtained from studying the BRST Hilbert space of this theory in Section 3.3 
that the SCT is not a valid transformation the physical Hilbert space in d 7 ^ 4. 

Now we will show that it is possible to dehne an extended special conformal transfor- 
matzon (ESCT)0, which meets all the requirements of a valid transformation compatible 
with gauge symmetry : 

• It only maps one physical state to another, and does not mix unphysical and 
physical degrees of freedom. 

• It preserves the transversality condition, Al^{x) = 0. 

• It ensures that the longitudinal component is pure gauge and does not contribute 
to the held strength, i.e. 5^[d^Af{x) — d'^A^{x)) = 0 . 

Furthermore, we will show that the ESCT is a symmetry for both classical and quantum 
Maxwell theories. 

"‘An alternative definition of the ESCT is given in Appendix [C] The alternative ESCT is the combined 
operation of a finite gauge transformation to Lorenz gauge, followed by the usual SCT and the inverse of 
the finite gauge transformation. With this definition, A^ has the same transformation properties as in this 
section; however the transformation of the unphysical field Af is altered. In this alternative approach, the 
ESCT can be understood as the the gauge invariant extension of the SCT in Lorenz gauge. 
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In contrast to (ISDI) and the ESCT on A^{x) and Ai^(x) is defined as : 


S^Af^(x) = K^A^{x) - d^^^^A?p{x) (56) 

= + {d- A)^[d^Al{x) - g^>^d • AUx)] (57) 

6^A^^{x) = K^A^l{x) + {d- A)^[d^Al{x) - • Al{x)] (58) 

= 5^Al{x)-dy^^AUx), (59) 

where is as in ()52l) . 


Note that the ESCT is a non-local transformation. In (j56l) . the ESCT on Ai^ acts 
only within the physical Hilbert space; similarly, the ESCT on A^ in (1581) depends 
only on the longitudinal component. The transversality condition is maintained for 
dfj_(d^A!^) = 0, since ^{d^A^ — g^^^d ■ Al) is divergence free. A^ is guaranteed to 
be pure gauge because the second term in ([59]) does not change the field strength. 

By combining (j56|) and (j58|) . we can define the action of the ESCT on the vector 
gauge field : 

5^A^{x) = K^Ai^ix) - d^di^A^ix) + {d - 4)^[df^Al{x) - g^^^d ■ Al{x)]. (60) 

It can be verified that the field strength transforms under the ESCT as 
^^F^^'^{x) = {x^d^ - 2x^x • d - dx^)F>^'^{x) + 2x^F‘"^(x) - 2x'^F^^^{x) 

+ 25 "^x„F"“(x) - 25 ""x„F^“(x) + {d - A)[g^^A^^{x) - 5"'^^^(x)]. (61) 

Although still does not transform as a primary tensor field under the ESCT due 
to the last term in (1611) . §°'F^'^ is independent of gauge choices, in contrast to §°'F^'^ in 
m; this is because F^’^ is a descendant of the gauge invariant and depends 

only on the physical field At as in (I56p . Thus, the ESCT is a valid transformation 
for Abelian gauge theory. The algebra of the extended conformal transformations is 
discussed in Appendix iBl . 

5.2 Invariance of the Maxwell Theory 

In this section, we demonstrate the invariance of the Maxwell action and gauge- 
invariant correlation functions under the ESCT. 

Using the new transformation, 

d^Cix) = -^F^,(x)5'^F^"(x) 

= —dfj. [{2x^x^ — g'^^x‘^)C{x)] + {d — 4)E°'^ (x)Ay(x). (62) 

Compared with 5^C in (fT9]) . the two expressions are almost identical except that the 
full gauge field A^ is replaced by the physical transverse component A^ in (I62|) . Yet, 
this tiny modification makes a huge difference. In (I62p . the first term is a trivial total 
derivative. In fact, the second term 

F'^^At^ = {d'^At^ - d^^A^T)K 

= a-(#)_5M(A-AT^) + AJ(a-AT), (63) 
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is actually also a total derivative as guaranteed by the transversality condition d ■ = 

0. We then have, 


6^C{x) = —d^ [{2x^x^ — g^^x^)C{x)\ + {d — 4) (- 




-AUx)A^^{x)) . (64) 


Indeed, 6^C{x) is a total derivative, and therefore the classical Maxwell action would 
be invariant under the ESCT. 


To study the invariance of the quantum version of the Maxwell theory under the 
extended SCT, let us examine how the gauge-invariant transverse two-point function 
(^Ai^{x)A^{y)) changes under the ESCT. 

In momentum-space, the transverse two-point function is defined by 

(65) 

Its Eourier transformation yields the position-space expression of the transverse two- 
point function up to an overall normalization constant: 

(/lf(x)A^(0)> = ^ + ), (66) 

(X ) X 

where A= is the scale dimension of A^. 

Recall that the transverse two-point function is invariant under the Poincare and 
scale transformations, which are symmetries of the quantum Maxwell theory. Let us 
now compute how the transverse two-point function transforms under the ESCT: 

6^ {Ai^{x)AU0)) = ((5M^(x))A^(0)) + {Ai;.{x){d-AU0))) 

= {At^{x)A!^{0)) {A^{x)A^{0)) - d’^ (A^(x)^^(0)> ), 

(67) 

where we have used the ESCT of At^{x) in ([^ . 

Note also that (^A^ {x)A'^{Qi)'^ transforms the two-point function as if its ar¬ 

guments are normal vector fields as defined in (j52p . Thus, in order to evaluate 
(^^(x) 74^(0)), let us consider a theory of a vector field which is invariant 
under Poincare and scale transformations. The most general form of its correlation 
function is 

(l/>-(i)K''(0)) = ^ (c,9<“' + C2 AL), (68) 

px } X 

with arbitrary coeffients ci and C 2 - A detailed calculation gives the SCT of this two- 
point function : 

6 ^ (E^(x)E^(O)) = (P^(x)P'^(O)) 

= (69) 

(x j 

Applying (1M|) to (Ay(x)A^(O)) in (l66]l . we obtain ci = 1 and C 2 = 2 A, and 

K- (A‘^{x)Am) = j4^(s‘’‘'xi‘ - g’V ). (70) 

V® ) 
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The last term in (|67p can be simplified as 


- <ii( 8" (ylf(x)AJ(O)) - tT (A'i.(x)Am) ) 



1 r -4 A 





(71) 


Finally, substituting (TTil and (ITTI) into (f67)l . we find 



= 0 . 


(72) 


This proves the invariance of the transverse two-point function under the ESCT. 

Since the U{1) gauge theory is a non-interacting free quantum held theory, the proof 
of the invariance of the transverse two-point function is sufficient for showing that all 
gauge invariant n-point functions of the quantum theory would also be invariant under 
the ESCT. 

5.3 Invariance of the Classical Equation of Motion 

A symmetry of the classical action implies the invariance of the classical EOM under the 
symmetry transformation. Hence, it is necessary to check that the EOM is invariant 
under the ESCT. Although the gauge held decomposition dehned in (I4ip and (I42p 
is sufficient for calculating off-shell quantities such as the correlation function, it is 
problematic on shell. Eor instance, in the Lorenz gauge = 0, when the EOM 

= 0 is imposed, = ^d^{d- A) is not well-dehned. Thus, to avoid a singularity 
of the gauge held decomposition when calculating on-shell quantities such as the EOM, 
we will introduce a source current as a regulator. 

The Lagrangian with a source term reads 


Cj{x) = -iF^-(x)F^,(x) + J^{x)A^{x) 


(73) 


where 


= 0 , 

due to conservation of the U{1) charge. The EOM is 

= 0 , 


(74) 


(75) 


and by setting J'^ = 0, the EOM of the free theory is recovered. 

In order to calculate how dZHl) transforms under the ESCT, we need to know the 
ESCT on J^, which is not yet specihed. The transformation on should be dehned 
so that the change of J • A is a total derivative and then it will not affect the symmetry 
property of the theory. Eor example, since the free Maxwell theory is Lorentz invariant, 
one would expect that the Lorentz symmetry will still be a property of (j73|) . Therefore, 
under a Lorentz transformation, must transform as a Lorentz vector so that 


6{J ■ A) —>■ d{J ■ A) — [(J • A)w^i/X^], 


(76) 
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where the change is a total derivative. 

In the case of Poincare and scale transformations, the source current indeed 
transforms as a normal vector with scale dimension A= and 9^ = 0 is preserved. 

Conservation of the gauge current under these transformations implies that Poincare 
and scaling symmetries are properties of the gauge-invariant Maxwell theory. However, 
for the SCT, it is not obvious whether transforms as a primary conformal vector 
held. In fact, as we shall see, current conservation will be violated for d 7 ^ 4 if is 
treated as a conformal vector in the SCT. Nevertheless, we will hnd that the gauge 
current is conserved under the ESCT in any dimension. 

Let us hrst assume that transform as a primary vector with A= under the 
SCT: 

5^ J^{x) = — 2x^x ■ d — {d + 2)x‘^) J^{x) + 2x^J'^{x) — 2g’^^x ■ J{x). (77) 

It follows that the J ■ A term in the Lagrangian will transform as a conformal scalar, 
and 5^{J ■ A) = —5^ [(J • . 

Nevertheless, the SCT of (1711) then gives: 

d^6°'J^{x) = (x^d'^ — 2x°'x ■ d — {d + A)x°')d ■ J{x) + {d — 4) J°'(x) 

= (d-4)J‘"(x)/O! (78) 

We see that after the SCT, = 0 is still true only in d = 4. For d / 4, the 

SCT explicitly breaks gauge invariance of the theory and the U{1) gauge current is not 
conserved. This fact reveals that the SCT is compatible with gauge symmetry only in 
d = 4. 

In fact, we can construct an ESCT for which preserves current conservation in 
any dimension. 

We will define 

= 6^Jf^{x) - (d - 4)^5^J‘"(x). (79) 

In this extended transformation, d ■ J transforms as a conformal scalar and the 17(1) 
current is conserved as desired: 

dfJ^^Jf^ix) = [x‘^d‘^ - 2x^x ■ d - {d + 4)x^]d ■ J{x). (80) 

It can be verified that the ESCT of the J• A term in the Lagrangian is a total derivative 
which does not affect the symmetry of the theory. 

We can now compute how the terms in the EOM transform under the ESCT, given 
the transformations on and dehned in (1611) and (|79l) respectively: 

- r) 

= {x^d^ - 2x^x • a - (d + 2)x^){d^F^^'' - r) + 2x’^{df,F>^^ - r) - 2g'^^Xa{d^Ff^'^ - J“) 
- (d - 4)^a^ pA^ -d^{d- At) - r] 

= {x^d^ - 2x^x • a - (d + 2)xp{d^F^^'' - r) + 2x'^{df,F>^^ - r) - 2g^'^Xa{d^F^^‘^ - J“) 
-{d-4)^d^id^F>^^ -J^ 

= 0 . (81) 
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To derive the second equality, we have used and d ■ Aj- = 0 for the last 

term in the first equality. Since every term in (1811) is proportional to the terms in the 
original EOM, the EOM is thus ESCT invariant. Notice that in the free theory, the 
inverse of the d’Alembert operator on AJ is ill-defined because EOM implies DAJ = 0. 
However, after the source current is added, one can re-write without 

worrying about the on-shell singularity. Thus, this calculation has demonstrated the 
invariance of the classical EOM under the ESCT. 

In conclusion, the invariance of the classical action together with the invariance of 
the EOM proves the invariance of classical Maxwell theory under the ESCT. 


6 Discussion 

In this paper we have discovered a gauge-invariant non-local extended special conformal 
transformationfESGA), in which both the quantum and classical Maxwell theories are 
invariant for any dimension d ^ 3 . The ESCT defines a new symmetry of the gauge 
invariant physical sector of the Maxwell theory in general dimensions. Because of its 
enhanced properties, physical states are mapped only within the physical Hilbert space, 
the held strength transforms as a descendant of the gauge-invariant A^, and the 
U (I) gauge current is preserved. This is in contrast to the usual SCT, where the gauge 
invariance of theory is broken because of mixing between the physical and unphysical 
sectors in the BRST Hilbert space. 

The ESCT provides a new way of understanding the conformal symmetry of gauge 
theories. Since it is not necessary to require conformal invariance in the unphysical 
sector of a gauge theory, the ESCT invariance of the physical sector will ensure that 
all gauge-invariant physical correlation functions are conformally invariant. 

The insights gained from the ESCT can be generalized and applied to the anal¬ 
ysis of other scale invariant gauge theories which are normally not considered to be 
conformally invariant in higher dimensions. It will be interesting to investigate the 
extension of the ESCT to classical non-Abelian gauge theories. This is a subject for 
future studies. 
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Appendix A SCT of At and At 

In this appendix, we explicit derive the SCT on At{x) and Al{x) first introduced in 
(l50l) and ([5T]). 
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Let us first compute the SCT of Ai{x). 


5^Al{x) 


=^d^d^[5^A‘^{x)\ 

=^9^^ [{x^ - 2x^x ■ d - dx^)d • A{x) + dA^{x)] 
[(2x^9^ - 2g^^^x ■ d - 2x^d^ - dg^>^)d ■ A{x)] 


1 

^ □ 


(x^ — 2x‘^x • d — dx^)d^{d ■ ^(x)) 


+ d-d^^A%x) 


Using the identity [T^ 


□ [(2x^9^ - 2g^^x ■ d - 2x^d^^)^d • ^(x)] 

={2x>^d^ - 2g^>^x • d - 2x^d>^ - dg^>^)d • ^(x) + {d - A)g^^d • ^(x), 


( 82 ) 

(83) 


(84) 


we can rewrite 

^ [(2x'^9'" - 2g^^^x • d - 2x‘"9^ - dg^^)d • ^(x)] 

= {2x^^d^ - 2g^^^x ■ d - 2x^d^^)^d ■ A{x) - {d - 4)g^f^^d ■ A{x). (85) 

Similarly, 

□ [(x^O”^ — 2x'^x • 9)—9^(9 • ^(x))] 

={x^d^ — 2x^x ■ 9 — dx^)d^[d ■ A{x)') 

+ {d-A)x^^^^{^■ A{x)) +{2d-A)^d^d>^{d-A{x)), (86) 


we rewrite 


(x^ — 2x^x ■ 9 — dx^)d^{d ■ ^(x)) 


1 - 
□ . 

=(x 29'^ - 2x‘"x • 9)^9'^(9 • A(x)) 

- (d - 4)^ [x'"9^(9 • ^(x))] - (2d - 4)^9'^9'^(9 • ^(x)) 

Combining all the terms and plugging in A^{x) = —9^(9 • 2l(x)) and 


1 

□ L' 


x‘"9^(9 • ^(x))J = x^A>lix) - 2-d^A>l{x), 


(87) 


( 88 ) 


we find 

dM^(x) = iLM^(x) + d^d^^AUx) + (d - 4)i[9'^AJ(x) - g-^d • ^l(x)]. (89) 

Since, (5°'y4^(x) = 5^A^{x) + 6^Ai^{x) = K^A>^{x), the transformation of A^{x) 
can thus be deduced : 

d‘"^^(x) = K^A'^{x) - d^9'^A^(x) - (d - 4)^[9'^^2(x) - g^>^d ■ Al{x)\. (90) 
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Appendix B Extended Conformal Algebra 

The extended conformal algebra is defined by the commutation relations among the 
ESCT generators and with the other normal conformal generators P"(translation), 
A1“^(Lorentz rotation), and P(dilatation). 

The original conformal generators form a closed group and have the following com¬ 
mutation relations: 


=iV>^ 

(91) 

[V,JC>^] = -i /C^ 

(92) 


(93) 


(94) 

[R“, 

(95) 


(96) 


One way to obtain the commutators is to let the generators act on fields and then 
swap the order. For example, can be deduced by computing 

[ = ] -[M^^'^,[V\A‘^{x)] ]. (97) 

The action of conformal generators on the primary vector field A^{x) is given by 




[M^^\A^{x)]=i 


{xf^d’' - x’^d>^)A‘^(x) + 5"^^^(x) 




[V,A^ix)] = -i{x>^d, + ^)A^ix) 

[/C'^, A^{x)] = z - 2x^^x -d-id- 2)x^)^“(x) + 2x“A^(x) 

= iK^A^{x). 


(98) 

(99) 

( 100 ) 

25 ^“x • ^(x)] 
( 101 ) 


We shall now compute the extended conformal algebra. Since there is no mixing 
between physical and unphysical components in the extended conformal transforma¬ 
tions, it is thus sufficient to calculate the commutation relations by studying the action 
of extended conformal generators on the physical sector spanned by as defined in 

Recall from (I50p that under the usual SCT, A'^ transforms as 

[/C^, A^(x)] = i [K^^A^ix) - d^a“7l^(x) - (d - 4)^(a“A^(x) - ■ Al{x))] 

= i6f^A^{x), ( 102 ) 

and the ESCT on A^ is constructed by removing the terms involving Af^ in (jl02h . The 
ESCTs generator thus satisfy 

[jC>^,A^{x)] = i [K>^A^{x) - d^d^Af^ix)] = i6>^A^{x). (103) 
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An explicit calculation then gives the modified commutators acting on 

[ [V,K^lA'^{x) ] = -i [lC^,A'^{x) ] (104) 

[ [K>^,V''],A^{x) ] = 2i[ - M>^'', A^{x) ] (105) 

[ [K\M^^'^lA^{x) ] = f A^{x) ] (106) 

[ [K^.K'^iAUx) ] = -d(d-4)i[la“F'^"(x) +5 “"A^(x) -5“^A^(x)]. (107) 

An intuitive way to understand the results in (jl04p - (jl07p is the following: Define 
P to be the projection operator which eliminates the terms in 6^A^, and 

[.^^A^(x)] = [POT,A?(x)]. (108) 

Since P, V^, and act on A^ only within the physical sector, they all commute 

with P. We then have for example, 

[[V,Z%A^x)] 

= [[V,PJCf^P],AUx)] 

= [P[V,}C^]P,A^x)] 

= — i [ JC^, A^{x) ]. (109) 

Therefore, the commutation relations in (I104h - (ll06h between JC^ and other normal 
conformal generators retain the same form. However, since the ESCT generators do 
not commute with P, they actually do not commute with each other in contrast to the 
usual SCT generators in d / 4. 

In addition, it is not possible to express the right hand side(RHS) of (11071) in terms 
of the extended conformal generators. One may wonder if this can be remedied by a 
gauge transformation. The answer is negative, because gauge transformations only act 
on the gauge dependent component A^ and does not affect Ai^. Also, if one includes the 
new operators on the RHS of (|107p into the extended conformal group as generators and 
compute their commutation relations, more powers of ^ would occur. This procedure 
thus generates an infinite number of new generators. Hence, the extended conformal 
generators which include /C" do not form a closed group. 


Appendix C Alternative Definition of the ESCT 

In this appendix, we introduce an alternative definition of the ESCT, which has very 
similar properties to the one defined by () 6 ip . and it will give a physical understanding 
of the nature of the ESCT. 

Recall that the Maxwell action is SCT invariant even in d 7 ^ 4 if A^ in (1191) is 
a total derivative. Since 

AP- A 

= 0-(^_J^)-d>^{A‘^A^)+A^{d-A), ( 110 ) 

this term is indeed a total derivative if one works in the Lorenz gauge {d ■ A = 0). 
That is, given any gauge configuration A^, as long as it is transformed to the Lorenz 


20 















gauge before the SCT is applied, then the action and the classical EOM will be SCT 
invariant. In fact, one can define a gauge transformation 


gA>^ = A^^ + ^^^a, ( 111 ) 

which transforms A^ to the Lorenz gauge where A^ = Ai^ and A'^ = 0. The specific 
gauge transformation Qt satisfies 


GtA^^ = At^, ( 112 ) 

and thus 

a = ( 113 ) 

is a finite transformation independent of the infinitesimal SCT. 

Since the SCT is an infinitesimal transformation of 0(e^) and a is independent of 
at 0{s^), an additional inverse gauge transformation 

= A^ — d^a, with a = and Gfi^GT = 1, (114) 

mnst be performed after the SCT to make the combined transformation only at 0{e^). 
Therefore, we can define an alternative extended special conformal transformation{aESCT) 
acting on A^ as 


Gfi^ (1 + <5'") GtA'^ - A^ 

(115) 

GfiH^ + - A/^ 


(1 + K^)A^ - - A/^ 


K^A^. 

(116) 


In the second line, since GtA^ is a vector field, we can use ([53]) and (|112p to rewrite 
5^Gt^^ = K^Gt-^^ = K^Al^ . To yield the third and fourth lines, the gauge transfor¬ 
mation defined by (11111) and (I113p is used. 

Next, we will show that the aESCT in (11151) is compatible with gauge symmetry, 
i.e., for any gauge transformation G as dehned in (lllip . the aESCT operator satisfies 

S^GA^^ = G6^A^. (117) 

To see this, let us consider an arbitrary gauge configuration QA^. The action of 
the aESCT on QA^ is 

6- (GA^^) = GGfi^ (1 + < 5 '") GTG~\GAf^) - GA^^ 

= G[GfiH'^ + n Gt-G]A^^ 

= G5^A>^. (118) 

Notice that in the hrst line, the gauge transformation Gt G~^ is performed to bring the 
gauge configuration GA^ to Lorenz gauge before the SCT is applied. 

Since ()117j) is verified, the aESCT is thus a valid transformation for Maxwell theory. 
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Although in (jllOp is distinct from defined in (I6ip . interestingly they 

have very similar properties; for example 

(119) 


the actions of the aESCT and ESCT on the field strength are identical. This can 
be readily checked by using (fTbP . 

Furthermore, the action of the aESCT on the physical field is the same as d'^Ai^ 
defined in (f56P : 


= K^A>^ - ^^^^^a[K^A>^] 
= K^Ait - d-d>^A^ 

^ T □ r 

= 6^Ai^, 

where we have used (|52p to get the third equality. 

However, 


Si^A^ = 5^A^ - 5^A^ 
= d^d^A>^ 
^6^Al 


( 120 ) 


( 121 ) 


where 6^ A^ is defined in ([58]). Nevertheless, since both 6^A^ and 5^A^ are pure gauge 

of 0(e^}, they can be related by an infinitesimal gauge transformation. Thus, d'^A^ 
and d^^A^ are equivalent up to a gauge transformation. 

Therefore, the aESCT defined in (I116h is equally as good as the ESCT defined in 
(loop for deciding whether a gauge invariant Abelian gauge theory has ESCT invariance. 
This is because the difference between the actions of aESCT and ESCT on A^ is an 
infinitesimal gauge transformation, and thus their actions are the same on physical 
observables. 
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